Famous Classical Inequalities '

THE AM-GM INEQUALITY

Elementary Form. For any real numbers x1,z2,...,zn > 0,
r1+x2+ ... +Tn
—— > Y7172...Th,
n
with equality if and only if x1 =29 = --- = zy,.

Weighted AM-GM Inequality. For any list of non-negative real numbers

w1, W3, ..., Wn, satisfying wi + wa + ... + wy, = w, then for x1,z2, ...,y > 0,
wi1x1 + w2x2 + ... + WpTp > w /zflx;"?..x;”",
w
with equality if and only if x1 =29 = --- = .
THE MEAN INEQUALITY CHAIN
The RMS-AM-GM-HM Chain. For any real numbers z1,z2,...,2n > 0,

define

RMS — 2+ 22+ ..+ a2 AM_:):1+xg+...+xn
V n ’ n ’

GM = ¥Vziz2...Tn,

Then, the following chain of inequalities holds true
RMS > AM > GM > HM,
with equality if and only if 1 =22 =+ = xp,.
Remark. RMS-AM-GM-HM respectively stands for Root Mean Square,
Arithmetic Mean, Geometric Mean, and Harmonic Mean.
THE POWER MEAN INEQUALITY

The Power Mean Inequality. The power mean inequality is the general
case of the mean inequality chain. The power mean M (p) is defined as:

P P PN 1/p
$1+$2++1’n .
—_ f 0
M(p) = ( n p#
Yx1x2...Tn

The Power Mean Inequality states that if @ > b, then M(a) > M (b), with
equality holding if and only if 1 = z2 = -+ = xp.

ifp=0

Plugging in p = 1,0 into this inequality reduces it to AM-GM, and
p=2,1,0,—1 gives the Mean Inequality Chain. As with AM-GM, a weighted
version of the Power Mean Inequality also exists.

The Weighted Power Mean. Let z1,x2,...,2n and w1, w2, ..., wn be pos-
itive real numbers with wi; + w2 4+ ... + wy, = 1. For any real number p, we
define

wy W2

M(p) = (w1x€+wgaﬁg+...+wnxﬁ)l/p ifp#0
p)= Wiy B _
I B ifp=0

If a > b, then M(a) > M(b).

In particular, if wqy = w2 = -+ = wn, = —, the above M (p) is just the regular
n
power mean inequality.

THE CAUCHY-SCHWARZ INEQUALITY

Elementary Form (Buniakovsky Form). For any list of real numbers
ai,ag,...,an and by, ba, ..., by, the following inequality holds true

(@ + ..+ a2)(bF + ..+ b2) > (a1by + ... + anbp)?,

with equality if and only if - = 22 —... = 2"
b bn

1 by
In other words, there exists some t € R such that a; = tb;, 0 < i < n, or if
every number in one of the list is zero.

Engel Form (or Titu Lemma/Bergstrom’s Inequality). For any list of
real numbers a1, as, ..., an and positive reals by, ba, ..., by, we have

aj+§+” a2 _ (a1 + a2+ ... +an)?

b1 b2 by T biAbr oAby

1This note was written by ddj1572 [Discord].

)

with equality if and only if o _ e _ . _dn
b1 b2 bn

‘Weighted Cauchy-Schwarz Inequality. Let a1, a2, ...,an and by, ba, ..., by
be any lists of real numbers, and let w1, w2, ..., wn be positive real numbers.
Then we have the inequality

n n n 2
(zafwi> (z b?m) > (zaib,-wi> ,
i=1 i=1 1=1

with equality if and only if o _ e _ Z—n.
n

b by
Complex Form. Let aj,ao,...,an and by, ba, ..

numbers. Then,
(3] (S = [zom
i=1 i=1 i=1

This appears to be more powerful, but it follows from

<éla?l> <ib5> > <é|az‘| : |bi|>2 >

a a a
Again, equality occurs if and only if 2_2_..=22

by ba bn
Inner Product Form (General Form). The Cauchy-Schwarz Inequality
can be generalized to the inner product space. Let u and v be any vectors in
an inner product space. Then,

[{u, V)2 < Jlul? v = (u,u) - (v, v),

.,bn, be two list of complex

2

)

2

n
E a;b;
i=1

where (, ) is the inner product, and ||u|| = 4/(u, u) is the norm of u.

In particular, if we let u = (u1,u2,...,un), v = (v1,v2, ..., vn) and define (, )
to be the dot product on R™, then for any two vectors u and v in R",
2 2 2
[u-v]® < [ull” [[v[I® or, |u-v|<[ull[v]

with equality if and only if there exists and scalar ¢ such that u = tv, or if
one of the vectors is the zero vector. If we write down all the components of
u, and v, then we obtain the real form of the C-S inequality.

On the other hand, if we define ( u,v ) := w191 + w202 + ... + upvy on C",
then this is just the previously stated complex form of the C-S inequality.

Integral Form. If instead we let u = f(x), v = g(z) be vectors in the space
of continuous functions Cla, b], and define (, ) to be

b
(w,v) = (f(@), 9(z)) = / f(@)g(x) de,

(/ ' f(x)g(x>)2 <(/ ' r@) ([ ' #@).

with equality if and only if f(z) and g(z) are linearly independent, meaning
that f(z) = kg(z), for some k € R.

then,

HOLDER’S INEQUALITY

Elementary Form. Given two sequences of non-negative real numbers
ai,as,...,an and by,ba,...,bn, and let p,g > 1 be real numbers such that

1,1
5+5_1' Then,

or,

=

1 1
(af +...+al)? - (I +...+b2)7 > arby + ... + anbn
i=1

=

! )
9 T pa T T pa

b7 b3 23

Weighted Form. Given aj,a2,...,an; b1,ba2,...,bn, and w1, w2, ..., w, be
three sequences of non-negative real numbers, and let p,q¢ > 1 be real num-
bers such that % + % = 1. Then

n % n
(Z b?) > Z a;b;,
i=1
al,

with equality if and only if

n % n q
(3w ) (3ot
=1 i=1

n
> E a;bjw;,
i=1

al  ab ab,
with equality if and only if 2 = -2 = = -
b] b by,


https://discordapp.com/users/750019342518714398

Conc1se Form. Let a;; be non-negative real numbers (with i = 1;m and
= I;n) and let {A\}?_, be a sequence of non-negative reals such that
Zl<7,<n)‘ =X +X2+ ...+ A =1. Then

(@11 4 .. + a1n) M (a21 + ... + a20)2 ... (@m1 + oo + G )"

A1 A2 A A1 A2 A
2 (au Qg7 - amnl) (a’lna2n e Qi
n A1 n A2 n An n
A1 A
<§ au) <E a2i> <§ :“mi> Z( ajy; ay;--a n:;)
i=1 i=1 i=1 i=1

(S ] =3 (M)
i=1 \j=1 =1 \i=1

Note that with only two sequences {a1} and {a2}, and Ay = A2 = 1/2, this is
the elementary form of the Cauchy-Schwarz Inequality.

or,

or,

Integral Form. Given real numbers p,q > 1 such that %—&—% =1landlet f,g
be two continuous functions on [a, b]. Then the following inequality holds:

|f(z) - g(@)|dz < |f ()P dz ’ blg(w)lqu %,
A ([ erae)” ([ o)

with equality if and only if there exists real number a and 8 such that
o 4 B2 > 0 and a|f(x)|P = Blg(x)|?, Vx € [a,b]. That is, |f|P and |g|? are
linearly independent.

General Form. Let (S, %, 1) be a measure space, and let p, g € [1,00)U{co}
be real numbers satisfying %«#% = 1. Then for all measurable real, or complex

values functions f and g on S,

I gl = (171l llgllq-

If p,q € (1,00), and f,g € LP(u), then Holder’s inequality becomes an equal-
ity if and only if |f|P and |g|? are linearly independent in L!(u). That is,
there exists real number « and 8 such that o + 82 > 0 and «o|f|? = B|g|?.

MINKOWSKI’S INEQUALITY

The First Minkowski’s Inequality. Let ai,az, ...,
positive real numbers and let p > 0. Then,

(Sonr) < (50) + (50)
i=1 =1 =1

with equality if and only if 2 = %2 — ... = 9"
by bs b

The Second Minkowski’s Inequality. Let a1,a2,...
be positive real numbers and let p > 0. Then,

n P n 1% n
(o) + () ] <ot
=1 i=1 i=1

an and by, b2, ..., b, be

,an and by, ba, ..., by

with equality if and only if @_ %2 _ = al,
b1 ba bn,
The Third Minkowski’s Inequality. Let a1,a2,...,an and by, ba, ..., by, be
positive real numbers. Then,
Varaz...an + V/biba..by < /(a1 + b1)(az + b2)...(an + bp),
with equality if and only if u_d2_ . _
by b bn
Weighted Minkowski Inequality. Given ai,a2,...,an; b1,b2,...,by, and

wnp, be three sequences of non-negative real numbers, and let p > 0.

n L n L n L
<Z(ai + bi)pwi> < (Z afwz) + <Z bfwz) ,
i=1 i—1 i=1

with equality if and only if a_g2_ O
b1 b bn

General Form. For non-negative real numbers a;j, (i = 1;m and j = 1;n),
and for r > s,

m n S/’"% n m T‘/S%
S (Sw) ) = (Sew) | e

i=1 \i=1 j=1 \i=1

W1, W2, -y
Then,

Integral Form. Given p > 1 and let f,g be continuous functions on [a, b].
Then,

([ 17+ g<z>|pdw)1/p < ([ 1rwras) 1/p+ (f |g<x>|pdx)l/p

General Form. Let S be a measure space, let p € [1,00), and let f € LP(S)
and g € LP(S). Then, f + g € L?(S), and we have

If +gllp < [I£llp + llgllp,
with inequality for p € (1,00) if and only if f and g are linearly dependent.
That is, f = kg, for some k£ > 0, or g = 0.

REARRANGEMENT INEQUALITY
The Rearrangement Inequality. Given two sequences of real numbers
{a;}7, satisfying a1 > a2 > ... > an and {b;}}_,
1. If by > by > ... > by, then
a1by + agbe + ... + anby > alb(,(l) + a2b0(2) + ...+ anb(,(n)
> a1bn, +asbp—1 4 ... + anby.
2. If by < b2 < ... < by, then
a1by + agba + ... + anby < albg(l) + agbg(z) + ...+ anbg(n)
< ai1bp + a2bp—1+ ... + anby,

Where o(1),0(2), ...,0(n) is any permutation of 1,2,...,n

Lemma. Given a sequence of real numbers {z;}
is any permutation of (z1,z2,...,25n). Then,

1. 9”1 + xQ +. a2 > T1To(1) T T2T5(2) + oo + TnTo(n),
9 Zo(1) + Zo(2) . Zo(n) > n.
1 T2 Tn
The Reverse Rearrangement Inequality. Given two sequences of real
numbers {a;}7_; satisfying a1 > a2 > ... > an and {b;}]_;.

=1 and Lo(1)sTo(2)s > La(n)

1. If by > b2 > ... > by, then
(ar +br) < [ [ (ar +bory) < [T (a +bnnia)-
k=1 k=1 k=1
2. If by < bs <... < by, then

::]:

n n
H ap +bg) > H ak + b)) 2 | ] (ak + bp—k+1),
k=1 k=1

where o(1),0(2), ...,

k=1
o(n) is any permutation of 1,2,...,n

CHEBYSHEV’S INEQUALITY
Elementary Form.

{a1,az2,...,an} satisfying a1 > az > ..
1. If by > ba > ... > by, then

nzaibi > (Z ai> <Z bi> > nzaibn+1—i7
i=1

i=1

Given two sequences of real numbers {a;} , =
.>an and {b;}7; = {b1,b2,...,bn}.

2. If by < by <

n n n n
nzaibi < (Z ai) < bi> < nzaibnﬂﬂ',
i=1 1

i=1 =1

.. < bp, then

with equality if and only if a1 = a2 = ... =an or by =ba = ... = by,.

Weighted Form. Given two sequences of real numbers {a;}] 1

{al,ag,...,an} satisfying a1 > a2 > ... > an and {b;}7 ; = {b1,b2,..., }
Let wi, wa, ..., wn be non-negative real numbers such that w1 +ws+...+wy, =
1.

1. If by > b2 >

n n n n
nzaibiwi > <Zaiwi> <Z biwi> > nzaibn+17iwi7
im1 i=1 i=1 im1

2. If by < by <

n n n n
03 e < (zw> (z biwi) <0 abusr
=1 =1 =1 =1

with equality if and only if a1 = ag = ...

.. > bp, then
.. < bp, then

=an or by = by = ... = by.

Integral Form. If f(x) and g(z) are two increasing functions, or two de-

creasing functions, then
1 b 1 b
o [ @) (5 [Cawr)
—a Jg b—aJ,

[ 1@ g@an > (;

If f(x) and g(z) are oppositely monotonic, meaning that one function is in-
creasing, one function is decreasing, then

= @) - g(a)de < (ﬁ / bf(:r)d:v) (b% / bg(x)dx)

Since these are the recognizable averages of functions, we can rewrite these
inequalities as:

(f . g)a’ug > fa,'ug * Javg
(f : g)avg < fa.vg * Javg

if f(z), 9

(z) are identically monotonic
if f(z), g(z) are oppositely monotonic



BERNOULLI’S INEQUALITY

Classical Form. Let £ > —1 be real numbers, then

ifr>1lorr<0

Q4+z)">1+rz
ifo<r<1

1+z)" <l4+rz
Lemma. Let ¢t and « be real numbers, then

t* > at+(1—a)
t* <at+(1—a)

,Vt >0, a € (—00,0] U [1,00)
,Vt >0, a € [0,1]

Primitive Form. Let z1,z2, ..
greater than —1, then

., Tn be real numbers of the same signs and

14+z1)1+ax2)...l4+zn)>14+ (x1+22+ ... + Tn).

YOUNG’S INEQUALITY

Elementary Form. Let a,b be non-negative real numbers, and p, g be posi-
tive reals that satisfy % + % = 1. Then,

P be b
CrZsa (1), o L42>aMrpt (),
p q p q

with equality if and only if a? = b9 for (1) and a = b for (2).

For p < 1,p # 0, we have
Pobe b
Cr T <ab, o Lyl <atlropth,
p q P q

with equality if and only if a? = b2 or a = b.

General Form. Given a sequence of non-negative real numbers a1, a2, ..., an,
and p1,p2,...,pn > 0 satisfying - + L + ...+ -1 = 1. Then,
p1 | P2 Pn

a a a

a + a2 o+ 2> ai/pl -a;/m...a;/p"7

p1 p2 n
with equality if and only if a1 = a2 = ... = an.
By letting p1 = p2 = ... = pn, = n, we obtain the familiar AM-GM inequality.

Integral Form (For Increasing Functions). Let f : X — Y be a continu-
ous, increasing function defined for non-negative real number z, with f(0) = 0.
Suppose a, b are positive reals such that a € X = D(f) and b € Y. Then,

b b
/ f(z)dx+/ f~Y(x)dz > ab,

with equality if and only if f(a) =b.

SCHUR’S INEQUALITY

Elementary Form. Let a,b,c be non-negative real numbers and let r be
some arbitrary positive integer. Then

a"(a—b)la—c)+b " (b—c)(b—a)+c"(c—a)(c=b) >0,

with equality if and only if a = b = ¢; or a = 0,b = ¢, vice versa.

General Form. Consider a,b,c,z,y,z € R, where a > b > ¢, and either
r>y>zorx <y<zis true. LetkEZJﬂandletf:]R—)]Rar be either a
convex or monotonic function on R. Then

f@)(a=b)fa—e)*+ fy)b - b—a)+fx)(c—a)f(c-b* >0,

with equality if and only if a = b = ¢; or a = 0,b = ¢, vice versa.

MUIRHEAD’S INEQUALITY

Symmetric Summation. Consider a function of n variables
f(x1,22,...,2n). The symmetric summation is defined to be
T(a) = T(J?, a) = Z f(zlv z2, ---7x71) = Z f(zo(l)vxo'(Q)v R3] xo(n))
sym €S (n)

where o(1),0(2),...,0(n) is any permutation of 1,2,...,n and S(,) is the set
of all permutation of {1,2,...,n}.

Examples.

3 3 3 3 3 3 3

T I T Y Yy z T
Syzny2_z5_y2_z5+z2_y5+x2_z5+22_x5+x2 53

Z pYTF = g¥—? + 7Y + yzfz + yzfz + 2Ty + Ly

sym

For a non-negative sequence {a;}?_; and a set of positive real numbers

{z1,®2,...,xn}, the symmetric sum of x]*x3?...xz™ is the expression

T(a) = T(I, a) = Z Itlllxém...xz" = Z Ig%l)xZ'%Q)"'IZ?n)’
sym TES(n)

where o(1),0(2),...,0(n) is any permutation of 1,2, ...,n and S(,) is the set
of all permutation of {1,2,...,n}.

Examples.

Z $3y220 — $3y220 + 1‘322y0 4 y3$220 4 y3z2:p0 + 231.2y0 4 Z3y2$0

sym

— 23y? 1 2322 4 P22 4 P22 + e 4 2By?
Majorization. We say a non-increasing sequence of number {a;}? , ma-
jorizes another non-increasing sequence {b;}?*_,, and write {a;}7_; > {b;}];
ifand only if forall 1 < k < n, Zle a; > Zle b;, with equality when k = n.
Symbolically,
{a17 az, ..., an} - {617 b2, ..., bn}

if and only if

a1 > b
a1 +az > by + b2
a1+az+...+an_1>br+b2+ ... +bn1
ai+ax+...+ap—1+an=>b1+ba+...+byp_1+bn
If {a;}7, and {b;}}* , are not necessarily non-increasing, then we still write

{a;}, > {bs}1, if this is true after the sequences have been sorted in
non-increasing order.

Elementary Form. Consider two pairs of positive real numbers {a1, a2}
and {b1,b2}. Consider also, positive real numbers z,y. If {a1,a2} > {b1, b2},

then
Z 0y > Z xblyb2

sym sym

with equality if and only if a1 = b1,a2 = bg; or x = y.

General Form. Consider two sequences of positive real numbers {a;}? ;
and {b;}7_;. Consider also, a set of n positive real numbers {z1,z2,...,zn}.
If {a;}7—, > {bs}7,, then

ay,az an by b2 by,
E Tt Tyt 2> E T Ty Ty

sym sym

with equality if and only if a; = b;,i = 1;n; or x1 = x2 = ... = T,

JENSEN’S INEQUALITY

Convexity and Concavity of a Function. Suppose that f is a one-variable
function defined on [a,b] C R. The function f is called a convex function on
[a,b] if and only if Vx,y € [a,b], and Vt € [0, 1], we have

tf(z) = (1 =2)f(y) = f(tz + (1 = )y)

Similarly, a function f is called a concave function on [a, ] if

tf(z) — (1 —2z)f(y) < fltz+ (1 —t)y)

Elementary Form. Let z1,z2,...,2n, € I C R, and let f be a function of

one variable defined on I.

1. If f is a convex function on I, then

s (:pl + o+ +xn) < f(z1) + f(z2) + ... +f(a:n).

n - n
2. If f is a concave function on I, then

f(xl +:c2+...+xn) > f(z1) + f(@2) + ... + f(zn)

)

n n

with equality if and only if x1 =22 = ... = zp,.

General Form. Let f be a function of one variable defined on I C R. Also let
z1,22,...,2n, € I CR and aj,as,...,an > 0 such that a1 + as +... + ap, = 1.

1. If f is a convex function on I, then

flarzr + ...+ anzpn) < a1 f(z1) + ... + anf(zn).
2. If f is a concave function on I, then

flarzr + ... + anzn) > a1 f(z1) + ... + anf(zn),

with equality if and only if x1 =22 = ... = zp.



KARAMATA’S INEQUALITY

Given two sequences (or lists) of numbers {a;}}, = {a1,a2,...,an} and
{bi};-”:l = {bl,bz,...7bn} such that a;,b; € I C R. If {az} - {bl} ({al}
majorizes {b;}), and f is a convex function on I C R, then

D fai) = (b
=1 =1

POPOVICIU’S INEQUALITY
Elementary Form. Let f be a function defined on an interval I C R.
1. If f is convex, then for any three points x,y, z in I,

f(x) + fly) + f(2) T+y+z
: +f( : )z

() ) ()] o

2. If f is concave, then for any three points z,y, z in I,

J@) 4 IW) +5E) | (zhyta
3 +f( 3 )S

3 (05 (5]

When f is strictly convex or concave, the inequality is strict except for
T=y =z

Corollary. For a continuous function f, then it is convex if and only if the
(1) inequality holds, and it is concave if and only if the (2) inequality holds,
Va,y,z € 1.

General Form. Let f be a function defined on an interval I C R.
1. If f is convex, then for any aj.az2,...,an € I,

n

> fa) +nln -2 (AEEE=E) 5 o))y 1)
=1

n i=1

2. If f is concave, then for any aj.aq, ...,

u (a1+a2+...+an)

an €1,

<(n=1))_ f(bi),

i=1

> flag) +n(n—2)f

i=1 n

with

i € {I;n},
J#z

with equality if and only if a1 = a2 = ... = an.

ACZEL’S INEQUALITY
Elementary Form. If a? > a2 + ... + a2 or 2 > b2 + ... + b2, then

(a1by — agby — ... — anbn)2 > (a? — a2 — a2)(b? — b2 — ... —b2),
with equality if and only a2 _
b1 ba bn

General Form. Let p1,p2,...,pm > 1 such that >, ., 1/p; = 1 and let

{a11,..;a1n}, s {@m1, ..., amn } be m sequences of positive real numbers such
that a¥i —afd — ... —al? >0, for i = T;m. Then,

m m
[Ten - Hazz— -~ [Tawn >
i=1 =1 7

with equality if and only if all the sequences are proportional.

3

Pi _ Pi_ _ _Di\ps
(@i —ajs — . —a;,) %,
1

SURANYTS INEQUALITY

Elementary Form. For any non-negative numbers a1, a2, ..., an, we have

(n— I)Za? +nHai > (ZQZ) <Za?—1> .
i=1 i=1 i=1 i=1

General Form. Let z, € I C R,k € {1;n} such that f and f’ are convex
functions on I, then

(n=1) 3" fan) +nf (i > zk>
k=1 k=1

By letting f(z) = e™® and e®k = ag, k € {1;n}, we obtain the classical form
of the Suranyi’s Inequality.

("

4,j=1

1)1, +x; )

OTHER INEQUALITIES
Vasc’s Inequality Let a, b, c be non-negative real numbers. Then,
(@® +b% 4+ )2 > 3(a®b + b3c + Ba),
with equality if and only if a =b=cora:b:c= sin2(47'") : sin?(

sin2(27”) and permutations.

2
)

Turkevich Inequality. Let a, b, ¢, d be non-negative real numbers, then,
a* + b* + ¢ + d* + 2abed > a?b? + b2 + 2d? + d%a? + a2 + b2dP.

Shlefier’s Inequality. For any real numbers aj,az,...,an > 0, we have

n n 4/n n
(nl)Za?Jrn(Hai) 2(2&?).
=1 i=1 =1

Huygens’s Inequality. Let {a;}}, = {a1,a2,...,an} and {b;}1' , =

{b1,b2,...,bn} be two sequences (or lists) of positive real numbers. Let
w1, wsa, ..., Wy be positive real numbers such that wi + w2 + ... + wy, = 1.
Then,

n

H(al-i-b H

n
ReiCE
Mabhler’s Inequallty leen two sequences of posmve real numbers {a;}7_;
and {b;}? ;. The inequality states that the geometric mean of the term-by-
term sum of two positive sequences {a;}? ; and {b;}*; is greater or equal
to the sum of their two separate geometric means.

n

H(ai + b)) > ﬁ a}/” + ﬁ bi/n,

i=1 i=1 i=1

where a;,b; > 0,Vk € {1;n}. As noticed, this is the special case of the
Huygen’s Inequality

Heinz’s Inequality. For real numbers a,b > 0 and « € [0, 1], we have:

apl—a l—apa
\/@Sab +a b <a+b.

-2
Hilbert’s Inequality Consider a;,b; > 0, % + % =1, and p > 1, then

1
q

;(;m)—sm( ><Z ) 20

‘Weierstrass’s Inequality For any real numbers 0 < ay,a2,...,
have

an <1, we

(14 a1)(1+a2)...(1+an) >1+ Sn,
(1—=a1)(1 —a2)...(1 —an) >1— Sn,
where Sy, = a1 +ag + ... + an.

LOG-SUM INEQUALITY

Classical Form. Let aq,...,
Define a and b to be

an and by, ..., b, be non-negative real numbers.

a:Za]- and b= ij
j=1 j=1

The Log-Sum inequality states that

log— >a-l
;alogb a- ogb

with equality if and only if b— =22 Z—n, or in other words, 3k such

L 1 b2 n
that a; = kb;,Vi € {I;n}.

Take a; log to be 0 and oo if a; > 0,b; = 0. These are the limiting values

obtained as the relevant number tends to 0.

General Form. Let g be a real-valued function whose domain contains
ai,az,...,an and bi,ba, ..., by such that g(b;) > 0Vi € {1;n}. Consider an-
other function f : [mg, Mg] — R for which h(z) = f(z) is convex, where

mg 1= mzln{zgz)) } and My := max {%} .
Then, the general Log-Sum Inequality states that:

o oo o ( Lg(ai))

> gtes CIE (;ma») s (s

Remark. Define g(z) = z",r € R, and f(z) = log(z),z > 0. As
h(xz) = zlog(z) is a convex function, therefore, we obtain

al log —~ > ( a?) log (17)
i=1 bi i=1 iz by

1=1"1

By substituting » = 1, we obtain the classical form of the Log-Sum inequality.



