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FUNCTION OF ONE-VARIABLE

Definition. The derivative f’(z) of f(z) is defined by

iy & L) = @)

dx  h—0 h
If the limit exists, then f is said to be differentiable at x.

Lagrange’s Mean Value Theorem. If f is continuous on [a, b] and differ-
entiable on (a,b), then there exists a point ¢ € (a,b) such that

f) = f(a) = (b—a)f'(c).
If f'(z) > 0(<0) (=0) forallz € (a,b), then f is a constant function on (a, b).

Cauchy’s Mean Value Theorem. If f(z) and g(z) are continuous func-
tions on [a, b], differentiable on (a,b), and ¢'(z) # 0, Vx € (a,b). Then there
is a point ¢ € (a,b) such that

f(0) = f(a) _ f'(o)

g(b) —g(a) g'(e)
Linearity, Product, and Quotient Rules. Let u = f(z), v = g(x), and
a, B be constants. Then,

d
1. —(au+ Bv) = au’ + Bv’

dx
d ! !
2. —(u-v)=uv+vu
dx
d /u uw'v —v'u d (1 v’
3. - (H) =252 = (o) =-5
dz \v v2 dz \v v2
For a collection of functions f1, fa, ..., fn,

%(f1f2~~~fn)(l”) = (fifafn) (@) + (fifo - Su) (@) + . + (frfa. f7) (@)

The Chain Rule. If u = g(z) is differentiable at x and f is differentiable at
u. Then,

d o df df du

dxf(u) = fiw), o de ~ du dz
The Inverse Function Rule. Let f be a bijective function with inverse

f~'(z), and f is differentiable at f~!(x). Then,
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dz F(f~(=)
Basic Power Rules.
d d
L ()= 6. Zlef(z)] = c- f'(x)
dx dx
d d
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Trigonometric Functions.
d
1. —sinx = cosx 4. — cscx = —cscxcotx
dx dx
d . d
2. —cosx = —sinx 5. —secx = secxtanx
dzx dzx
3. — tanz =sec’z 6. — cotz = —csc’z
dz dz
=1+tan?x = —(1+ cot? x)
Inverse Trigonometric Functions.
1. —sin"lo= - 4 icsc_lx—f; (*)
" dx V1I—a? " dx |z|vzZ =1
9 d 1 1 5 d 1 1 ()
—cos = ——mx=— . —sec Tr= ———
dz V1—zx2 dx lz|va? —1
1 d 1
3. —tan lo= —— 6. —cot lo=—>"—
dx 1422 dx 1422

1This note was written by Don D. Le.

(*) The range of csc™!

z and sec™

z in 4. and 5. is, respectively,

f0) = [-5.2]\0} and f(D) =l0,7)\ {3}

Some authors define the range of csc™

x and sec™! z to be, respectively,

(reglo] wa [2)o(nk]

o If f(D(csc™lz)) = (771', 72] U <0, T

o If f(D(sec™x)) = [0, T

Hyperbolic Functions.
d .
1. —sinhz = coshz
dx

d
2. — coshx = sinhx

dx

d
3. — tanhz = sech? z
dx

=1—tanh®z

Inverse Hyperbolic Functions.

d 1
1. —sinhlog= ——
dx V1+ 22
_1 1
2. —cosh™ "z = ——
dx x2 —1
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3. —tanh o= ——,
dz 1— 22

D= (-1,1)

Exponential and Logarithms.

d

1. —e® =¢€"
dx
d x T

2. —a® =a"lna, a>0
dx

3 dl >0
—Inz=—, x
dx
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4. —Injz|=—, 2 #0
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Other Rules.
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T
d
b sechax = —tanh x sechx
T
d 2
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. —coth™lg=———,
dx 1— 22

D = (—o0,—1) U (1,+00)
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. —lo = —
de BT T
z#0,b>0
d f(z) /
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Quotient of Two Polynomials. Let p(z) = ao + a1z + ... + anz™ and
h(xz) = bg + b1z + ... + bpz™ be two polynomials of degree n. Then,

d (p(x)) 1 i 71(16 ) ag ai| j4+k—1
— (=2 ) = —1 x ’
dz \ h(z) h*(z) (= b b
where | :: | is the determinant, h # 0, and the total number of unique deter-

minants is n(n + 1)/2. In particular, for n =1 and n = 2,

al

ao

1 i(mx—‘rao)_ by
“dx \biz+by ) (brz+bo)?

z2 42

az ap
b2 bo

a; ap

T b

d <a212+a1x+a0)_
" de \ bax? +biz+by )

(bQCCQ + bz + b0)2

As observed, the number of unique determinants of 1. is 1(1+1)/2 =1, and

of 2. is 2(2+1)/2 =3.

Note: the degrees of two polynomials don’t need to be equal. Set some of the

coefficients to zero and the formula still works.
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L’Hépital’s Rule. If liLn flx) = 1iLn g(z) =0 (or co) and f, g are differen-
x a x a
tiable functions on an interval I, then

1@

T—a g(x)
provided that the limit on the right-hand side exists.

f'(z)

Tz—a g/(x) ’

Derivative of Parametric Equations. Given a parametric equation
(z,y) = (f(t),g9(t)), t € I, where f and g are differentiable functions and
f' #0, then
dy _ dy/dt _ g'(t)
de — dz/dt ~ f/(t)’
If f and g are two times differentiable, then
de dy//dt m’y” _ z”y
de?  dx/dt  (2!)3
Derivative of Polar Equations. Given a polar curve r = f(6) defined by
the parametric equations = rcos@ = f(6)cosf and y = rsinf = f(0)sin6,
then

dy _ dy/d0 _ f'(0)sin® + f(0)cos® _ r'siné +rcosd

de ~ dz/d0  f'(0)cosd— f(B)sin® ' cosf —rsing’
Higher Derivatives.

dn
1. __em — _ 1 . _ 1 m—n
T ® mm—1)---(m—-—n+ 1)z
dar 135 (2n—3) (1
2 o VE= ()T R (n=3)
i 1 !
g 4" (,) ~ ™
dz™ \x "
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ar Bx n(] n_x
5 — =
Dot =gy
dar - 1)!
6. — Inz = (—1)"71u
dx™ ™
dm 1 (n=1)
7. ——1 =(-nrTii—=
dx™ 0gaz = (1) z™lna
sinz if n =0 (mod 4)
av . . nm cos T ifn =1 (mod 4)
8. sin x = sin (x + —) = .
dxm™ 2 —sinz  if n =2 (mod 4)
—cosz ifn =3 (mod4)
cosx if n =0 (mod 4)
ar —si ifn=1 4
9. ——cosx = cos (I+E) = s rn (mod 4)
dx™ 2 —cosz if n =2 (mod 4)
sinx if n = 3 (mod 4)
dTL
10. sinax = a" sin (az—i— E)
dx™ 2
d’ﬂ
11. —— cosax = a" cos <az+@>
dz™ 2
ar o n—1 _: nmw
12. dx—nsm T =2 sin <2x+ 7)
13. y=tan"l2 4" = (n—1)!cos™ ysin (ner E)
' " dan ) 2
d™y
14. y=cot™ 'z, —= = (=1)"(n — 1)!sin™ ysinny
dx™
. d"y 2 2\n/2 aw _; -1 b
15. y =e**sinbz, — = (a” +b°)"/“e*®sin ( bx + ntan™" —
dx™ a

mn

d b
€%* cos bz, 4y _ (a? + b2)"/2e%® cos (bm +ntan™! 7)
dx™ a

dan inh
17. sinhx = {sm r

16. y =

if n is even

dx™ coshz if nis odd
1s. an coshz — C'OShQE %f n ?s even
dx™ sinhx if n is odd

Leibniz Rule. If f and g are n-times differentiable, then

di[f(a:)g(a:)} = Z (:) f<n7k)(ar)g(k>(x)

dx™ =
Faa di Bruno Formula. If f and g are n-times differentiable functions, then
dn , ool m Em
@) =n 30 1) [ (8 @)
’ o} m=t F?

where r = Z:Ln;ll km and the set {km} consists of all non-negative integer

solution of the Diophantine equation Y 7 _; mky = n.

FUNCTION OF TWO OR MORE VARIABLES

Partial Derivative. The first partial derivatives of a function f(z,y) is

defined by
7] h —
(?iszf:fI:}}h}O fle+ 7yz f(w,y)’
of f@,y+h) - fz,y)

— =D = = 1i .
dy yf = fy am h
In general, let f : U C R™ — R be a function of n-variables. Then, the partial
derivative of f is defined by
Of _ i fxthes) — f(x)

ox; h—0 h

where e; is the i*" row (or column) of the identity matrix I;,.

Theorem 1 (Clairaut’s Theorem). Suppose f : U € R? — R have all
partial derivatives up to second order in a region containing p = (a, b), then

S 5y = LL )
0xdy pr= oyox )
The Chain Rule.
d of de  Of dy , ,
Lo —fla(t),y(t) = == — + === = f, ,
GI0.v0) = 55+ L = el gy
0 oo ooy _
2. af(x(u,v),y(u, U)) = 9z 0u + oy u = frzuy +fyyu
) _ofoe  ofoy _
3. 8vf(33(uyv),y(uy v)) = oz 9o dy o = faTo + fyyo

The Generalized Chain Rule.
Suppose that f(x) = (z1, 2, ..., Tn) is a differentiable functions of n-variables,
and zp(t) = (t1,t2,..,tm), 1 < k < n is a differentiable function of m-
variables. Then,
of _ Of 0z
ot; - ox1 Ot;

for each i =1,2,...,m.

o1 o3
Oxo Ot;

o om,
Oxy Ot; ’

Implicit Differentiation. If F(z,y) = 0, then the derivative of the implicit
function y = y(x) is given by
’ dy Fa
Yy =—==—-——
dx Fy
Similarly for F(z,y, z) = 0, the derivatives of the implicit function z = z(z, y)
is given by

F,
Zzz——z, and zy:——y
F. F,

Directional Derivative. Suppose f is a function defined on a neighbor-
hood N¢(zo,y0) and let v = (v1,v2) be a unit vector. Then, the directional
derivative of f in the direction of v is defined by

f(@o + hvi,yo + hv2) — f(®0,yo0)

h K
provided that the limit exists. If v = (1,0), or v = (0, 1), then this is just the
regular partial derivatives of f at (zo,yo).

va(ny yO) = }}Lr)no

In general, the directional derivative of the function f(x) = f(z1,z2,..
in the direction of the unit vector v = (v1,v2,...,vy) is defined by
f(x+hv)— f(x)
—

'7271)

Dos(x) = f,

Theorem 2. If f is differentiable at x, then f has a directional derivative in
all directions of the unit vector v, and one has

Dy f(x) = (fays e fan) - (0150 0n) = V(%) - v.

Theorem 3. Suppose [ is a differentiable function of n-variables.

(i) The maximum value of Dy f(x) is |V f(x)| and it occurs when v has
the same direction as V f(x).

(ii) Similarly, the minimum value of Dy f(x) is —|V f(x)|, and it occurs
when v has the opposite direction as V f(x).

(iii) If |[Vf(x)| =0, then Dy f(x) = 0.



